Example: The moment curve with position vector x = ti + t%j + t3k.

Velocity v = i + 2tj + 3t°k Speed ||[v| = (1 + 41> + 9tH)1/? = %
t
Acceleration a = 0i + 2j + 6tk Arclength s = f (1 + 4u® + 9u*)2 du
0
Jerk a’ = 0i + 0j + 6k (integral has no closed form)
Unit tangent vector, its time derivative and its magnitude:
i+ 2tj + 3t%k
(1 + 412 + 9t4)1/2
T —2t(2 4+ 9t2)i + 2(1 = 3t3)(1 + 3t2)j + 6t(2t>2 + 1)k
(1 + 442 + 9t4)3/2
o 2(1 49t + 9th)1/2
Tl == o
Curvature:
dT dT|| |ds|  2(1+ 92 4+ 9t4)1/2
T s | T HdtH/ dt| T (1 + 42 + 94y
Alternate formula for curvature:
_vxal|l  [6rfi—6tj+2k]  V/B6t1+3612+4  2(9t* + 9t + 1)/2
VP (442 9tH2)3 (142 + 9432 (1 4e2 + 914)3/2
Unit normal vector:
N - T —t(2+98)i + (1-9tNj + 3t(2> + Dk
[T/ (1 4+ 912 + 9t4)1/2(1 + 42 4 9t4)1/2
Unit binormal vector:
1 i j k
B =TxN = 1 2t 3¢

2 4\1/2 2 4
(1 + 912 + 9t4)1/2(1 + 442 + 9t4) 424 912) (1—9tY) 3t(22 + 1)
C 3t - 3t + k

1+ 92 + 94
Torsion:
dB  dB/dt  3t(2+9t%)i + 3(9t* — 1)j — 9t(2t2 + 1k
ds — ds/dt (1 + 912 + 9t4)3/2(1 4 4¢2 + 9t4)1/2

B ( 3 ) (—t(2 +9t2)i — (9t* — 1)j + 3t(2t% + 1)k)

1492 4+ 94 (1 + 92 + 9t4)1/2(1 + 442 + 9t4)1/2

T N

Alternate formula for torsion:

(vxa)-a'  (6t1 —6tj + 2k) - (6k) 12 3
T = = = = .
[v x a2 |6t%1 — 6t + 2k 36t4 +36t2+4 9t + 92 + 1




Example: Colley §3.2 #19

_ 1 32 Lo 3
x = (t, S+ Y2, (1 -1

1+ (1=t ds 1+t 1—t
v:(l7 5 , — 5 HVHZE: 1+T+T_
1 t —-1/2 1—+¢ -1/2 t
a = 0,(+) ,( ) SZJ 3/2du = t4/3/2
4 4 0
B P ) il et
I 8 ’ 8
Unit tangent vector, its time derivative and its magnitude:
v 1
T - o= (L @+~ -0)
vl 6
V2
T = —(0, t+1)"12, 1—t—1/2)
fiv1 RV
I N - [ e
4/3Vt+1 11—t 44/3V 1—t2 24/3v/1 — ¢2
Curvature:
Y i [ L3 S Y e
“olas| | dt|at| 6V -2
Alternate formula for curvature:
( 1 -1 1 )
~vxal N4 —12) 41— )12 4t +1)1/2
o HVHB o 33/29-3/2
242 1 PR
33\ 16(1 —12)2 " 16(1 —t)  16(t + 1)
V2

= (after lots of algebra)

641 — 2



Unit normal vector:

T 1
N = = — (0, 1 =02, (1 +t)?
= v (0 (-0 00
Unit binormal vector:
_ 1 B 2 (1 12
B-TxN = \/5(1, 1+0)Y2 (1-1) )

Torsion:

BB (oo o)
1

31+ t)1/1(1 i (\@) (07 (1—)"2,(1+ t)1/2)

~

~
T N

1 1
3(1+)12(1 —t)l/2 — 3(1—12)1/2

Alternate formula for torsion:

1 —1 1 . (0 _(1+t)73/2 (l_t)73/2>
_(vxa)-a’  \4(1—#2)" 40 —)/2 4t +1)12 ’ 8 8

v xal]Z 1 P R
16(1—12)2 " 16(1—t) ' 16(t+1)

1
(16(1 —)3/2(1 + t)3/2) 1— ¢ 1

3 CO3(1—2)32  3(1—t2)1/2
(o =)




