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Semistandard Young Tableau

Let λ = (λ1, λ2, . . . , λm) be a partition with λ1 ≥ · · · ≥ λm ≥ 0.
A Semistandard Young tableau is a filling of an arrangement of
boxes with λi boxes in the i-th row, such that the numbers are
weakly increasing along the row and strictly increasing along the
column.
Example
Consider the partition λ = (2, 1, 0) ` 3 and let m = 3. The
semistandard Young tableaux are

1 1
2

1 1
3

1 2
2

1 3
3

2 2
3

2 3
3

1 2
3

1 3
2
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Newton Polytopes

Definition (Schur polynomial)
Let x = (x1, . . . , xm). The Schur polynomial in m variables
indexed by λ ` n is

sλ(x) =
∑

T∈SSYT[m](λ)

xT ,

where xT = xd1(T )
1 · · · xdm(T )

m such that di (T ) is the number of
times i appears in T .
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Newton Polytopes

Example
For λ = (2, 1, 0) ` 3. Let m = 3 and x = (x1, x2, x3).

1 1
2

1 1
3

1 2
2

1 3
3

2 2
3

2 3
3

1 2
3

1 3
2

The associated Schur polynomial is

s(2,1,0)(x) = x2
1 x2 + x2

1 x3 + x1x2
2 + x1x2

3 + x2
2 x3 + x2x2

3 + 2x1x2x3.

The Newton polytope Newt(s(2,1,0)(x)) is the convex hull of the
points (2, 1, 0), (2, 0, 1), (1, 2, 0), (1, 0, 2), (0, 2, 1), (0, 1, 2), (1, 1, 1).

Given a polynomial f =
∑
α cαxα ∈ C[x1, x2, . . . , xm] where

α ∈ Zm
≥0, the Newton polytope Newt(f ) conv{α | cα 6= 0} is the

convex hull of the exponent vectors of f .
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Newton Polytopes

Observations:
(1) Newt(sλ) can be realized as λ-permutohedron.

(2) The Newton polytope of a Schur polynomial is a Saturated
Newton polytope– every lattice point α ∈ Newt(f ) ∩ Zm appears
as an exponent vector of f . [3, Monical, Tokcan, Yong].
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Integer Decomposition Property

Given a positive integer t, let tP{tx | x ∈ P} be the t-th dilate of
P.

Newt(s(2,1,0)) and the 3rd dilate of Newt(s(2,1,0)).

Nice property: tNewt(sλ) = Newt(stλ) for any positive integer t.
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Integer Decomposition Property

Let’s take the point (2, 4, 3), which is a filling of
3λ = 3(2, 1, 0) = (6, 3, 0).

1 1 2 2 2 3
2 3 3

1 1 2 2 2 3
2 3 3

= 1 2
2

+ 1 2
3

+ 2 3
3

(2, 4, 3) = (1, 2, 0) + (1, 1, 1) + (0, 1, 2)

Integer decomposition property (IDP): For any positive integer t and
any lattice point p ∈ tP ∩ Zm, there are t lattice points
v1, . . . , vt ∈ P ∩ Zm such that p = v1 + · · ·+ vt .
Schrijver showed using generalized permutohedra and polymatroids [4].
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Symmetric Grothendieck polynomials

Definition (Theorem 2.2 Lenart [2])
Let x = (x1, . . . , xm) and let λ be a partition with at most m parts.
The symmetric Grothendieck polynomial indexed by λ is

Gλ(x) =
∑

µ∈A(λ)
(−1)|µ/λ|aλµsµ(x).

where:
1 µ ⊇ λ with at most m rows,
2 the filling in the r -th row is from {1, . . . , r − 1},
3 aλµ is the number of fillings of the skew shape µ/λ such that

the filling increases strictly along each row and each column,
and

4 A(λ) = {µ | aλµ 6= 0}.
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Symmetric Grothendieck polynomials

Let λ = (3, 1, 0) ` 4, m = 3, and x = (x1, x2, x3).

µ = (3, 1, 0) ∅ H4

µ = (3, 2, 0) 1 H5

µ = (3, 1, 1) 1 or 2 H5

µ = (3, 2, 1) 1
1

or 1
2

H6

µ = (3, 2, 2) 1
1 2

H7

G(3,1,0)(x) =
s(2,1,0)(x)−

(
s(3,2,0)(x) + 2s(3,1,1)(x)

)
+ 2s(3,2,1)(x)− s(3,2,2)(x).
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Symmetric Grothendieck polynomials – Newton Polytopes

The Newton polytope of
G(3,1,0)(x1, x2, x3) = s(3,1,0)−(s(3,2,0) + 2s(3,1,1))+2s(3,2,1)−s(3,2,2).

Unfortunate Property: tNewt(Gλ(x)) 6= Newt(Gtλ(x)).
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Symmetric Grothendieck polynomials – Newton Polytopes

Unfortunate Property: tNewt(Gλ(x)) 6= Newt(Gtλ(x)).

Newt(G(3,1,0)) 2Newt(G(3,1,0))
µ = (3, 1, 0) (6, 2, 0)
(3, 2, 0) (6, 4, 0)
(3, 1, 1) (6, 2, 2)
(3, 2, 1) (6, 4, 2)
(3, 2, 2) (6, 4, 4)

Consider 2λ = (6, 2, 0) = . Newt(G(6,2,0)) is given by
the convex hull of the union of S3 orbit of
µ = (6, 2, 0), (6, 3, 0), (6, 2, 1), (6, 3, 1), (6, 3, 2).
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inflated Symmetric Grothendieck polynomials

Definition
Let h be a positive integer. Let x = (x1, . . . , xm) and let λ ` n be a
partition with at most m parts. The inflated symmetric
Grothendieck polynomial indexed by λ and h is

Gh,λ(x) =
∑

µ∈A(h,λ)
(−1)|µ/λ|bh,λµsµ(x).

1 µ ⊇ λ with at most m rows,
2 the filling in the r -th row is from {1, . . . , h(r − 1)},
3 bh,λµ be the number of fillings of the skew shape µ/λ such

that the filling increases strictly along each row and each
column, and

4 A(h, λ) = {µ | bh,λµ 6= 0}.
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inflated Symmertic Grothendieck polynomials

Let h = 2, m = 3, and λ = (3, 1, 0).

µ = (3, 1, 0) H4 µ = (3, 3, 0) H6

µ = (3, 2, 0) H5 µ = (3, 3, 1) H7

µ = (3, 1, 1) H5 µ = (3, 3, 2) H8

µ = (3, 2, 1) H6 µ = (3, 3, 3) H9

µ = (3, 2, 2) H7
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Dominating Partitions

Let h = 2, m = 3, and λ = (3, 1, 0). The Newton polytope of
G2,(3,1,0)(x1, x2, x3) =
s(3,1,0)−2(s(3,2,0) + 4s(3,1,1))+8s(3,2,1) + 2s(3,3,0)−(11s(3,2,2) + 4s(3,3,1))

+6s(3,3,2)−2s(3,3,3).

For two partitions µ, λ ` n µ dominates λ if
µ1 + · · ·+ µi ≥ λ1 + · · ·+ λi for every i ≥ 1.

If deg Gh,λ(x) = |λ|+ N, we say λ(0), . . . , λ(N) is the sequence of
dominating partitions for Gh,λ(x).
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Integer Decomposition Property – iSGP

Let t be a positive integer. Then

tNewt(Gh,λ(x)) = Newt(Gth,tλ(x)).

Example (Dominating Partitions)

Newt(G1,(3,1,0)) 2Newt(G1,(3,1,0)) Newt(G2,(6,2,0))
µ = (3, 1, 0) (6, 2, 0) (6, 2, 0)

(6, 3, 0)
(3, 2, 0) (6, 4, 0) (6, 4, 0)

(6, 4, 1)
(3, 2, 1) (6, 4, 2) (6, 4, 2)

(6, 4, 3)
(3, 2, 2) (6, 4, 4) (6, 4, 4)
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Conclusion

Theorem
Let λ be a partition with at most m parts and let x = (x1, . . . , xm).
Then the Newton polytope Newt(Gh,λ(x)) has the integer
decomposition property.

Other Results:
Classify which Newton polytopes of Schur and inflated
Symmetric Grothendieck polynomials are reflexive.
For the reflexive Newton polytopes of Schur polynomials we
show the h∗ - polynomials are unimodal.

Lattice polytopes from Schur and symmetric Grothendieck
polynomials.
Arxiv: 2005.09628v2 [math.CO]
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IDP– Counterexample

Not all polytopes have the integer decomposition property. For
example consider the convex hull (1, 0), (0, 1), and (2, 2). The
second dilate contains the point (3, 3) but there are no two points
that add to (3, 3).
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